Axions may be produced thermally inside the cores of neutron stars (NSs), escape the stars due to their weak interactions with matter, and subsequently convert into X-rays in the magnetic fields surrounding the NSs. We perform a hard X-ray search from 2 -8 keV arising from this emission mechanism from the nearby Magnificent Seven isolated NSs using archival XMM-Newton and Chandra data. These NSs are unique in that they have only been detected in the UV and soft X-ray bands; their observed fluxes are thought to arise from thermal emission at temperatures ∼100 eV from the NS surfaces. We use the X-ray datasets to set the strongest limits to-date on the product of the axion-photon and axion-nucleon couplings for axion masses below ∼10 −4 eV. Moreover, we interpret an observed excess of hard X-rays from the Magnificent Seven in the context of the axion model, and we discuss possible future measurements to help rule out or confirm this possibility.
Neutron stars (NSs) have long been recognized as excellent laboratories for searching for new light and weakly coupled particles of nature. This is because such particles may be produced abundantly in the hot cores of the NSs, escape, and thus provide a pathway by which the NSs may cool. Some of the strongest constraints on the ultralight pseudo-scalar particles known as axions arise from NS cooling [1] [2] [3] [4] [5] . Axions may be produced through nucleon bremsstrahlung in various combinations of proton and neutron scattering in the NS cores [6, 7] and thus modify the standard predictions for NS cooling rates. It has also been suggested the axions produced in the NS cores may convert into X-rays in the magnetospheres surrounding the NSs and that these X-rays may be observable [8] [9] [10] .
In this work we show that X-ray observations of the nearby X-ray dim isolated NSs known as the Magnificent Seven (M7) are strong probes of axions. In particular we use XMM-Newton and Chandra observations of the M7 to provide some of the strongest constraints on axions with masses m a 10 −4 eV. In addition, we observe significant excesses of hard Xray emission from some of the M7 that appear consistent with expectations from an axion-induced signal. The NS RX J1856.6-3754 has around a 5σ excess, while RX J0420.0-5022 has a ∼3σ excess. The NSs RX J2143.0+0654 and RX J1308.6+2127 both have marginal ∼1σ excesses. The NSs RX J0720.4-3125 and RX J1605.3+3249 have small deficits of hard X-ray emission (∼0.3σ and ∼1σ in significance, respectively), and RX J0806.4-4123 is consistent with zero hard X-ray flux. The fact that hard X-ray emission is observed from some NSs and not others is consistent with the axion model because (i) the exposure times vary across the M7, (ii) the predicted fluxes at fixed axion parameters vary between NSs, given their different properties, and (iii) these properties are uncertain at present.
The M7 were discovered in soft X-rays with the ROSAT All Sky Survey (see, e.g., [11] ). Their soft spectra are well described by near-thermal distributions with surface temperatures ∼50-100 eV. No non-thermal emission, for example in radio, has been previously observed from the NSs. As such, they are expected to produce negligible hard X-ray flux, making them background-free from the point of view of the analysis described in this work. Moreover, they are all observed to have strong magnetic fields [12] [13] [14] [15] [16] [17] [18] [19] and to be relatively nearby, at distances of order hundreds of pc.
The quantum chromodynamics (QCD) axion is a hypothetical ultralight particle that solves the strong CP problem of the neutron electric dipole moment [20] [21] [22] [23] and may also make up the observed dark matter [24] [25] [26] . The QCD axion and axion-like particles (ALPs) more generally also appear to be a relatively generic expectation from string compactifications [27, 28] . The QCD axion couples to QCD and acquires a mass m a ∼ Λ 2 QCD /f a below the QCD confinement scale Λ QCD , with f a the axion decay constant, but the ALPs do not couple to QCD and their masses may be significantly smaller than the ∼10 −4 eV threshold relevant for this work (see, e.g., [29, 30] ). Both the QCD axion and ALPs are expected to couple derivatively to matter and also couple to electromagnetism, allowing them to be produced inside of the hot NSs and converted into photons in the strong magnetic fields surrounding the NSs. Thus in this work we refer to both particles simply as axions. Intriguingly, recent string theory constructions suggest that the ALP photon couplings may be slightly smaller than current limits and within reach of the search discussed in this work [31] .
Axions have also been discussed in the context of white dwarf, red giant, and horizontal-branch (HB) star cooling [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . In white dwarf (WD) and red giant stars the dominant production modes involve the axion-electron coupling while in HB stars the axion-photon production dominates. Recently it was proposed that X-ray observations of magnetic WD stars may probe axion scenarios, since the hot axions produced in the WD cores may convert into X-rays in the magnetic fields surrounding the WDs [42] . However, unlike for isolated WDs, in the case of isolated NSs an abundance of archival X-ray data is currently available for the top isolated NS candidates. Axion-photon conversion within NS magnetospheres has been discussed recently in the context of dark matter axions [43] [44] [45] [46] , though in that case the observable signature is a sharp radio line since the axions are non-relativistic. Axions and axion dark matter are also the subject of considerable laboratory searches [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] .
A detailed description of the data analyses used in this work is presented in the companion paper [62] . Additional analysis details and systematic tests are presented in the Supplementary Material (SM). Axion-induced X-ray flux from NSs.-The central idea behind the proposed signal is that while the cores of the M7 are quite hot (T ∼ 10 keV) the surfaces are relatively cool with T ∼ 0.1 keV. Axions may be emitted from hot NS interiors, escape the NSs, and then convert into hard X-rays in the strong magnetic fields surrounding the NSs. To calculate the expected signal we both account for the axion production rate in the NS cores and the conversion probability in the magnetospheres.
The axions are produced in the NS cores through the axion couplings to fermionic matter. The coupling of the axion a to a fermion ψ f is denoted by (see, e.g., [63] )
Scattering amplitudes involving this operator are generally functions of the dimensionless coupling combination g af f = C f m f /f a , with m f the fermion mass and C f the dimensionless Lagrangian coupling. The couplings C p and C n for the proton and neutron, respectively, are predominantly determined by the up and down quark couplings, though there are also contributions to these coefficients from the axion-gluon operator for the QCD axion (see [64] for explicit formulae). The axion production mechanisms relevant for this work mostly occur in the NS core through axion bremsstrahlung in fully degenerate nucleon-nucleon scattering N 1 N 2 → N 1 N 2 a, where the N 1,2 are either neutrons or protons. The emissivities for these processes are functions of the couplings g ann , g app , the local NS core temperature T , and the neutron and proton Fermi momenta (see the SM and [6, 7] ). As shown in [6] , the local energy spectrum of axions emitted from these processes follows the modified thermal distribution dF/dE ∝ z 3 (z 2 + 4π 2 )/(e z − 1), where z = E/T , E is the local axion energy, and F is flux.
We note that the nucleon bremsstrahlung rates are suppressed at low temperatures, below the critical temperature for Cooper pair formation, by nucleon superfluidity. We account for this suppression following [2, 65] ; in particular, the superfluid suppression factors are related to those that suppress the neutrino emission in the NSs through the modified Urca processes [65] . The presence of nucleon superfluidity, while suppressing the bremsstrahlung rates, also opens up an additional avenue for axion production. In particular, axion production from Cooper pair-breaking-formation (PBF) was calculated in [2, 4] for spin-0 S-wave and spin-1 P-wave superfluid states; the PBF production modes may dominate at temperatures slightly below the superfluid critical temperature. Note that axion PBF production also has neutrino production analogues [66, 67] . The axions produced through the PBF process typically have energies above ∼8 keV and so we do not account for them in our fiducial analysis, though this production mode may be relevant for some NSs below 8 keV, depending on the superfluidity model, and may be crucial for future observations of the M7 at higher energies.
To compute the production rates in the NS cores, given the emissivity formulae, we need to know the temperature profiles in the cores, the metric, the critical temperatures profiles, and the profiles of neutron and proton Fermi momenta. These profiles all depend on the NS equation of state (EOS). We use the code package NSCool [68] to perform the thermal evolution of the NSs. This code solves the energy balance and heat transport equations in full general relativity, assuming spherical symmetry. For our fiducial analysis we use the APR EOS [69] and assume NS masses of 1.4 M . The 1 S 0 neutron pairing gap is taken from [70] , the neutron 3 P 2 -3 F 2 pairing gap from "model a" in [71] , and the proton 1 S 0 pairing gap from [72] , respectively. In the SM we consider variations to the choices of these gaps. The thermal evolution is used to obtain a relation between the effective surface temperature and the isothermal core temperature T ∞ b , which is the redshifted temperature infinitely far from the NS's potential well. The surface temperatures and associated statistical uncertainties are taken from single blackbody fits to the 0.5 -1 keV data as described in [62] .
The relation between the surface and core temperatures is known to be strongly affected by accretion and magnetic fields, and moreover strong magnetic fields may make the surface temperature inhomogeneous (see, e.g., [73] ). In fact it is the anisotropic surface temperatures that are thought to lead to the observed X-ray pulsations of the M7 [74] . Additionally, NS atmospheres may distort the spectra away from perfect blackbodies [75, 76] . We account for these possibilities through a systematic uncertainty on the core temperatures, as described in the SM. We combine all T ∞ b uncertainties into single log-normal priors, with variances given in Tab. I, and further we restrict T ∞ b to log(T ∞ b /keV) ∈ [−0.1, 1.9] to ensure realistic values.
The core temperatures may also be estimated from the kinematic ages of the NSs. The local temperature at the outer boundary of the core T b is expected to evolve as T b ≈ 10 9 (t/yr) −1/6 K over times t yr, neglecting effects such as ambipolar diffusion, which may provide additional heating to the core [77] . For the NSs with kinematic age estimates, we list the associated core temperatures in Tab. S2, which help support the uncertainty estimates in Tab. I. We discuss these core temperatures further in the SM.
After calculating the fluxes and energy spectra of axions emitted from the NS cores, we then consider the conversion of the axions into X-rays in the NS magnetic fields. Here we follow closely the framework outlined in [42] for axion-photon conversion in WD magnetospheres. The axion-photon mixing is induced through the operator L = −g aγγ aFF /4, where F is the electromagnetic field strength tensor,F is its dual field, and g aγγ is the axion-photon mixing parameter. The parameter g aγγ is related to f a through the relation g aγγ = C γ α EM /(2πf a ), with α EM the fine structure constant and C γ a dimensionless coupling constant. In the presence of a strong magnetic field this operator may cause an initially pure axion state to rotate into an electromagnetic wave polarized parallel to the external magnetic field. However, the axion-photon conversion is suppressed by the Euler-Heisenberg term for strong field quantum electrodynamics [9] .
The full axion-photon equations of motion may be solved by first applying a WKB approximation to reduce the secondorder equations of motion to first order equations and then using the framework of time-dependent perturbation theory [9, 10, 42] . In the limit of low axion mass, which for our applications is roughly m a (ωR −1 NS ) 1/2 (and approximately 10 −4 eV at axion frequencies ω ∼ keV and NS radii R NS ∼ 10 km), the conversion probability p a→γ is approximately p a→γ ≈1.5 × 10 −4 g aγγ 10 −11 GeV −1 
independent of the axion mass. Above, B 0 is the surface magnetic field strength at the magnetic pole and θ is the polar angle from the magnetic axis. Note that in deriving (2) we assume that the magnetic field of the NS follows a dipole configuration. The conversion probability grows relatively slowly with B 0 . This is because the Euler-Heisenberg term suppresses the conversion probability at radii near the NS surface for large B 0 , and in fact the conversion does not take place until distances ∼10 2 R NS where the magnetic field becomes small enough that the Euler-Heisenberg term no longer suppresses the conversion. At large axion masses the conversion probability becomes additionally suppressed and must be computed numerically (see, e.g., [42] ).
We assume dipolar magnetic field strengths calculated from the spindown of the NSs [12] [13] [14] [15] [16] [17] [18] via magneto-dipole radiation. In the case of RX J1605.3+3249, there is no spin-down measurement and we adopt 10 13 G as considered in [19] . Measurements of the magnetic field from spectral fitting of proton cyclotron resonance lines or atmosphere models generally predict larger fields, which we consider in the SM. Note that in practice we account for the unknown alignment angle θ by fixing θ = π/2 and broadening the uncertainty on B 0 appropriately. Data analysis.-We analyze all available archival data from XMM-Newton and Chandra towards each of the M7 for evidence of hard X-ray emission [62] . For XMM-Newton we reprocess data from both the MOS and PN cameras and we treat these datasets independently since they are subject to different sources of uncertainty from e.g. pileup. The data is binned into three high-energy bins from 2 -4, 4 -6, and 6 -8 keV.
In [62] we compute profile likelihoods for flux from the M7 in each one of these energy bins; these profile likelihoods are the starting points for the analyses presented in this work. As an illustration, in Fig. 1 we show the energy spectrum from RX [62] . We also show the best-fit axion model spectrum from a fit to this NS only, with the core temperature fixed to the central value in Tab. I. J1856.6-3754, which is the NS with the most significant hard X-ray excess. Note that we show the best-fit fluxes and associated 68% confidence intervals from the joint analyses over all three cameras.
In [62] we show that the 2 -4 keV energy bin may possibly be contaminated by the high-energy tail of the thermal emission from the NS surfaces, depending on the atmosphere model, for all NSs except RX J1856.6-3754 and RX J0420.0-5022. The predicted thermal surface emission is negligible for all NSs in the last two energy bins. As such in this analysis we use all three available energy bins for RX J1856.6-3754, which has by far the most exposure time of all M7, and RX J0420.0-5022 but only the last two energy bins for the other five NSs. We also note that, as described in [62] , we only use Chandra data from RX J1856.6-3754, RX J0420.0-5022, and RX J0806.4-4123, because for the other NSs we find that pileup may affect the observed high-energy spectrum. For RX J2143.0+0654 only PN data is available.
We interpret the M7 hard X-ray spectra in the context of the axion model by using a joint likelihood procedure. Our parameters of interest are {m a , g aγγ , g ann , g app } and our nuisance parameters, which describe uncertain aspects of the NSs, are the set of parameters {log B 0 , d, log T ∞ b } for each NS, where d is distance. Each of the nuisance parameters is taken to have a Gaussian or log-Gaussian prior with un-certainty given in Tab. I. Uncertainties arising from the NS superfluidity model are described in the SM. For our fiducial analysis we fix g app = g ann . We construct a joint likelihood over all of the M7 and available datasets, and we use this likelihood to constrain our parameters of interest.
Results.-The resulting best-fit parameter space in the m ag aγγ g ann plane and 95% one-sided upper limit (see, e.g., [82] ) are shown in Fig. 2 . Below m a ≈ 10 −4 eV the limit from this and Chandra data. We compare our result to existing limits from CAST2017+NS cooling. In this figure we take the axion to couple equally to neutron and protons (gapp = gann). All curves and regions continue to arbitrarily small ma. Note that the QCD axion model is too weakly coupled to appear in this figure.
work represents the strongest limit to-date on the combination of couplings shown in Fig. 2 . However, the limit is significantly weaker than expected due to an excess of hard X-rays observed from the M7. In the following we explore the consistency of the observed excess within the context of the axion model. Interpreting the data in the context of the axion model, we find approximately 5σ evidence for the axion-induced flux over the null hypothesis of no non-thermal hard X-ray flux from the M7. The global fit prefers a low axion mass and a coupling slightly below previous limits, which are also indicated. In particular we combine the CAST constraints on g aγγ (g aγγ < 6.6 × 10 −11 GeV −1 at low masses) [83] with the NS cooling constraints on g ann (g ann < 7.7 × 10 −10 ) from Cas A [2, 4, 5] . Constraints from SN1987A may also be relevant [84] [85] [86] [87] , though we caution that the robustness of these limits has been called into question recently [88] . It is interesting to investigate whether the high-energy flux observed between the individual NSs is consistent with the expectation from the axion hypothesis. In Fig. 3 we show the observed intensities I 2−8 (I 4−8 ) between 2 -8 keV (4 -8 keV) for each of the M7 after combining the MOS, PN, and Chandra datasets. These intensities are determined by fitting the low-mass axion spectral model uniquely to the data from each NS, with model parameters T ∞ b and I 2−8 (I 4−8 ). Note that for the NSs where we include the 2 -4 keV energy bin we report I 2−8 , while for those where we do not include this bin we instead report I 4−8 . (We obtain qualitatively similar results if we only use the 4 -8 keV bins for all NSs, as shown in the SM.) The green (yellow) bands indicate the 68% (95%) confidence intervals for the intensities from the X-ray measurements. The black and gray error bands, on the other hand, denote the 68% and 95% confidence intervals for the axion model predictions, given the axion model parameters at the best-fit point from the global fit: g aγγ g ann ≈ 4.7 × 10 −21 GeV −1 with m a 10 −5 eV. The uncertainties in the model prediction arise from the nuisance parameters describing the unknown properties of the M7, as described above, while the uncertainties on the measured intensity values are purely statistical in nature.
The observed intensities are consistent with expectations from the axion model, though we stress that the uncertainties on the model prediction are large. Additionally, there are sources of uncertainty on the axion model predictions for the individual NSs beyond those shown in Fig. 3 , arising from for example nucleon superfluidity and the EOS. See the SM for an extended discussion of some of these uncertainties. The green (yellow) bands indicate the 68% (95%) confidence intervals from the X-ray intensity measurements, with best-fit intensities marked by vertical green lines. Black and gray error bands denote the 68% and 95% confidence intervals for the axion model predictions at the global best-fit coupling gaγγgann and ma 10 −5 eV, with uncertainties arising from uncertain aspects of the NSs.
We also investigate whether the observed spectra from the two high-significance detections in RX J1856.6-3754 and RX J0420.0-5022 are consistent with the axion model expectation. In Fig. 4 we show the best-fit core temperatures T ∞ b measured from fitting the axion-model, with m a 10 −5 eV, to the X-ray data between 2 and 8 keV. We note that the NS with the best-determined spectral shape is RX J1856.6-3754, which has the most significant detection. In Fig. 1 we show the best-fit model prediction for this NS compared to the observed spectrum. The axion model appears to reproduce the spectral shape found in the data. Discussion.-In this work we presented results of a search for hard X-ray emission arising from axions in the M7 NSs. If axions exist then they may be produced thermally within the NS cores at ∼keV energies and then converted to X-rays in the magnetospheres. Using observations of the X-ray spectra from the M7 [62] , we found the strongest limits to-date on the product of the axion-nucleon and axion-photon couplings for Best-fit core temperature T ∞ b for RX J1856.6-3754 and RX J0420.0-5022. All other NSs are not constraining and are thus omitted. The green (yellow) bands indicate the 68% (95%) confidence intervals from the X-ray measurements; black and gray error bands denote the 68% and 95% confidence intervals for the axion model predictions as in Fig. 3. ultralight axions. Moreover, some of the M7 show excess hard X-ray flux that may be interpreted in the context of the axion model.
As discussed in [62] , alternative explanations for the hard X-ray emission exist. For example, some of the observations may be affected by pileup due to the high flux of soft, thermal X-rays, though these effects seem insufficient to explain the observed hard X-ray flux [62] . For the XMM-Newton data in particular, unresolved astrophysical point sources near the source of interest could also bias the observed spectrum, though the fact that we see consistent spectra with Chandra, which has over an order of magnitude better angular resolution, provides evidence that this is at least not the sole explanation for the excess. Hard non-thermal X-ray emission is observed generically from pulsars, and one possibility is that the observed hard X-ray flux from the M7 arises from the traditional non-thermal emission mechanisms (e.g., synchrotron emission) that are present in other pulsars. On the other hand, this emission is often accompanied by non-thermal radio emission, which is not observed for the M7 [89] , and also the spin-down luminosity seems insufficient for most of the M7 for this to be an appreciable source of flux [62] . Accretion of the interstellar medium may also be a source of X-rays from the M7, though this is typically thought to produce flux at much softer energies if at all (see, e.g., [90] ).
Observations at higher energies by e.g. NuSTAR of RX J1856.6-3754 and RX J0420.0-5022 in particular may help discriminate the axion explanation of the excess from other explanations. This is because the predicted axion spectrum in the energy range from ∼10-60 keV is unique and potentially includes a significant enhancement due to PBF processes, depending on the superfluidity model (see the SM for details). In all superfluid models we find that the axion spectra peak above 10 keV for these NSs, at least assuming the central values for
The axion-induced flux should also pulsate at the NS period, and this may be measurable with future instruments that can acquire better statistics. Observations of magnetic white dwarf stars by XMM-Newton or Chandra may also help add evidence to the axion model since if the axion couples to electrons then a sizable hard X-ray flux is expected from many of the closest white dwarf stars [42] . The best-fit axion parameter space from this work may also be probed with next-generation light-shining-through-walls experiments and helioscopes. As an example, if we suppose that C n /C γ = 0.1 as a benchmark model, with C p = C n , then the best-fit axion-photon coupling from this work would be g aγγ ∼ 4 × 10 −12 GeV −1 . This is approximately the smallest g aγγ that the future helioscope IAXO will have sensitivity to for m a 10 −2 eV [91] . The upcoming light-shining-through-walls experiment ALPS II [92] could possibly probe our best-fit axion model if C n /C γ is larger than assumed above. X-ray observations of the magnetized intracluster medium [93] and nearby bright galaxies such as M87 [94] may also constrain low mass (m a 10 −12 eV) ALPs at the level g aγγ 10 −12 GeV −1 , depending on the magnetic field models of the targets. In summary, if the M7 hard X-ray excess is due to axions, then a variety of nearterm measurements should be able to conclusively establish a discovery.
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I. CORE TEMPERATURES
In this section, we estimate the uncertainties in the determinations of the core temperatures from the known surface temperatures of the NSs. The inner region of the NS is isothermal in the sense that the redshifted temperature observed infinitely far from the NS, T ∞ b = T b (r) g 00 (r), is independent of the production radius r within the NS, with g 00 the temporal component of the metric. We define the un-redshifted core temperature as
where r b is the radius of the outer boundary of the isothermal internal region. Note that r b is slightly smaller than the radius of the NS, r NS . Surrounding the isothermal region is the NS envelope, over which the temperature cools to the surface temperature T s = T ∞ s / g 00 (r NS ) at the outer surface. In practice, we use NSCool to compute T b given T s , but we estimate the uncertainty in this determination using the analytic relations determined from fits to simulations given in Eq. 32 of [95] and Sec. A.3 of [96] . The majority of the uncertainty arises from the uncertainty in the NS surface gravity (because of the uncertainty in the NS EOS) and in the NS accretion history. The NS EOS and the NS masses are sources of uncertainty that should be more thoroughly investigated in future work.
We estimate such uncertainties by varying over the amount of accreted matter M ac and the surface gravity g 14 in 10 14 cm/s 2 . We assume a wide range of 2 ≤ g 14 ≤ 6, as a conservative estimate based on [97] . The NSs of interest are isolated and are not expected to accrete much matter. We assume a flat prior in −20 ≤ log(M ac /M tot ) ≤ −10, where M tot is the total mass of the NS. In the relevant range of surface temperatures, we find that the variance of T b is around 30% of the mean. This is illustrated in Fig. S1 , where we show the central T s -T b relation along with the 68% containment region from varying over M ac and g 14 as described above. In the analyses throughout this work, we use log-normal uncertainties on the core temperatures. Thus, we assign a systematic uncertainty δ log(T ∞ b /keV) = 0.13 to account for the ∼30% uncertainty in T b , given T s . As a reminder, all logs are base 10. Additional uncertainty on the core temperature arises from the intrinsic uncertainty in the surface temperatures. In addition to the uncertainty determined in the companion paper [62] , we assign a 25% uncertainty on the surface temperature to account for the variation in NS atmosphere models as well as the unknown surface composition. Note that the surface composition is related to the accretion history and so some of the uncertainties are interrelated. We convert the surface temperature uncertainties to core temperature uncertainties using the analytic relations above. We finally combine the three uncertainties into a single log-normal prior on the core temperature reported in Tabs. I and S2. Lastly, we note that as mentioned in the main text the core temperatures may also be estimated from the kinematic ages of the NSs, and when such estimates are available we find good agreement, within uncertainties, between the surface-temperature-based core temperature estimates and the age-based estimates of the core temperatures.
II. NUCLEON BREMSSTRAHLUNG RATES
Here we provide a brief overview of how the nucleon bremsstrahlung rates are calculated in the NS cores. We can safely assume a degenerate limit for the nucleon-nucleon bremsstrahlung emission in the NS cores because the NSs we consider have T O(MeV) [7] . The production rate of axions from a NS via nucleon-nucleon bremsstrahlung emission in the degenerate limit is calculated by [6, 98] , assuming no nucleon superfluidity.
These production modes are suppressed by an energy-independent factor below the critical temperature T c at which the nucleons form Cooper pairs and undergo a phase transition into the superfluid state. Note that Cas A cooling measurements provide indirect evidence that such a transition takes place [99] . This is because the superfluid suppression also occurs for neutrino emission via the modified Urca process, and Cas A is thought to cool primarily from neutrino emission [65] . The explicit formulae that we use for the singlet-state pairing suppression factors may be found in [65] (see also [2] ). The neutrons in the core, however, are thought to undergo triplet-state pairing, and the explicit formula for the triplet-state pairing suppression factors have not been worked out. We follow the code package NSCool and approximate the triplet-state pairing suppression factors by the singlet-state ones [68] .
III. COOPER PAIR-BREAKING-FORMATION PROCESSES
Cooper pairs are expected to form when the temperature is below the superfluid critical temperature. When the temperature is still not far below the critical temperature, the thermal interactions can break the Cooper pairs. Neutrinos and axions can be produced and carry away energy released during these Cooper pair breaking and formation processes. This production mode has been neglected in the main analysis due to its model dependence. In this section we review the axion emission rates from these processes, derive the energy spectrum, and discuss the implication for the high-energy X-ray flux.
A. Emission Rates
The NS cores may contain spin-0 S-wave and spin-1 P -wave nucleon superfluids. There then exists a production mode of axions via Cooper pair-breaking-formation (PBF), with a rate for the S-wave pairing given by [2, 4] 
Above, ν N (0) = m N p F (N )/π 2 is the density of states at the Fermi surface, with v F (N ) the fermion velocity. Here z N = ∆(T )/T , and a simple analytic fit for the superfluid energy gap ∆(T ) is given in [65] . The PBF process is active when the temperature falls below the critical temperature T c . Due to the sensitive dependence of T in f F , the emission rate is exponentially suppressed however at low temperatures, i.e. T T c . One should identify 2y∆(T ) as the axion energy ω (this follows from the derivation of (S1)), and thus the energy spectrum follows the functional form
where N S a,PBF is the normalization constant determined by ∞ 2∆(T ) J S a,PBF dω = S a,PBF and reads N S a,PBF = S a,PBF z 5 N /I S a . Here T and ω refer to the locally-measured quantities inside the NS at some radius r 0 , i.e. T = T b (r 0 ) = T ∞ b / g 00 (r 0 ) and S2. (Left) The full energy spectrum from NS RX J1856.6-3754 as predicted by the best fit of the axion model with the joint likelihood procedure performed in the main analysis at energies below 8 keV. The black dashed curve is the fiducial model we use in the main analysis, which neglects the PBF process, while the solid black curve shows the spectrum when the PBF process is active. The gray curves show the predictions from other superfluid models that we tested and the gray shaded region demonstrates the uncertainty as a result of the different superfluid models. Note that there are three models that predict no enhancement and are overlapped with the black dashed curve. (Right) As in the left panel, but zoomed in below 8 keV and binned in 2 keV energy bins to provide a direct comparison to the X-ray data, which is also shown. ω = ω(r 0 ) = ω ∞ / g 00 (r 0 ). Practically, one first computes the initial spectral function J S a,PBF (ω(r 0 )) at each radius r 0 using the local temperature T b (r 0 ) and then interprets the observed spectral function as J S a,PBF (ω ∞ / g 00 (r 0 )) with ω ∞ identified as the observed X-ray energy.
Similarly, the rate for the neutron P -wave pairing is [2, 4] 
.
(S3)
There exist two types of the P -wave pairings. In [4] , types A and B refer to the 3 P 2 pairing with total projection of the Cooper-pair momentum onto the z-axis equal to m J = 0 and 2, respectively. The anisotropic superfluid gaps are given by
with θ the angle between the neutron momentum and the quantization axis and z x ≡ ∆ x (T, θ)/T . Explicit expressions for ∆ (A,B) 0 (T ) may be found in [4] , as can approximations for the phase space integrals I P an . With 2y∆ x (T, θ) identified as the axion energy ω, the spectra for the P -wave pairings follows as
where N P a,PBF is the normalization constant defined by ∞ 2∆(T,θ) J P a,PBF dω = P a,PBF ; then N P a,PBF = P a,PBF /T 5 I P an (z x0 ) with z x0 ≡ ∆ 
B. High-Energy Spectrum
At high energies, the flux may be dominated by the axions emitted in the PBF processes outlined in Sec. III A. The spectral functions are sharply peaked at twice the gap energy, which is also the lower cutoff of the axion energy due to conservation of energy. The spectral functions then drop off quickly at higher energies. The exception is for the type B process in the P -wave pairing, where the gap energy ∆ B (T, θ) is anisotropic and can be small when the neutron momentum is approximately aligned with the quantization axis. This implies that the energy of the axion is distributed to values lower than the magnitude of the gap energy ∆ B 0 (T ) and is thus not subject to a specific lower cutoff. This is to be contrasted with ∆(T ) and ∆ A (T, θ) for the S-wave pairing and type A P-wave pairing, where a sharp lower cutoff is present for a given T .
We show in Fig. S2 the predicted spectrum at high energies for RX J1856.6-3754 assuming the central core temperature from the prior distribution. Different curves denote different models [100] [101] [102] [103] [104] used in NSCool for computing the superfluid critical temperatures of the NSs. Out of the twelve models available in NSCool, there exist three models [102, 104] that do not lead to superfluidity formation and thus the production is given by the nucleon bremsstrahlung processes. In the main text we neglect the PBF processes, and the predicted spectrum is given by the black dashed curve in Fig. S2 in this case. With the black solid curve we show the spectrum from the PBF model yielding the maximum total flux. The gray shaded region spans between the black dashed curve and the maximum flux at each energy among the twelve models we scan over, representing an estimate of the model uncertainty in the flux. We note that we normalize the spectra of all models such that they all give the same value at 2 keV to be consistent with the data. Note that in the right panel of Fig. S2 it may be seen that even below ∼8 keV there are small deviations away from the spectrum assumed in the main text for some superfluid models due to the Type B P -wave superfluid pairing PBF process.
If we instead fix g aγγ g ann = 1 × 10 −20 GeV −1 and take vanishing m a , the predicted flux at 2 keV ranges from 6 × 10 −17 to 7 × 10 −16 erg/cm 2 /s/keV for this NS depending on the superfluid model. This shows that the superfluid model can significantly affect the low-energy flux as well due to the superfluid suppression factors, though these are energy independent and do not modify the spectral shape.
We assumed g app = g ann in Fig. S2 , but the PBF flux is dominantly from the P -wave processes, which only involve neutrons. Thus we expect g app to play a less important role in the high-energy spectrum unless g ann g app . Among the P -wave processes, emission from type B pairing dominates over that of type A. The predicted spectral shape is also highly dependent on the core temperature. At higher core temperatures, the spectral peak shifts to a higher energy.
The M7 have not been studied in detail before at energies greater than 10 keV. However, there are existing constraints from hard X-ray telescopes which we summarize now. The strongest constraint at these energies comes from the 105 month Swift Burst Alert Telescope all-sky hard X-ray survey [105] , which covers the full sky with median sensitivity 7 × 10 −12 erg/cm 2 /s at 5σ in the 14 -195 keV band. The predicted X-ray intensity from RX J1856.6-3754 in this band assuming the fiducial model with PBF included is 7 × 10 −12 erg/cm 2 /s with a contribution from nucleon bremsstrahlung of 3 × 10 −14 erg/cm 2 /s. For NSs near the galactic plane |b| ≤ 17.5 • (RX J1856.6-3754, RX J0806.4-4123, RX J0720.4-3125, and RX J2143.0+0654), constraints from the 14-year INTEGRAL galactic plane survey [106] with the IBIS camera apply. 90% of the survey area is covered down to a 17 -60 keV flux limit of 1.3 × 10 −11 erg/cm 2 /s at 4.7σ. Our fiducial model with PBF processes predicts an intensity for RX J1856.6-3754 in this range of 6 × 10 −12 erg/cm 2 /s with a contribution from nucleon bremsstrahlung of 2 × 10 −14 erg/cm 2 /s. This information is summarized in Tab. S1, where our fiducial model with PBF is denoted "maximum" and the nucleon bremsstrahlung contribution considered in the main text is denoted "minimum". Note, however, that the above limits assume a power-law intensity that peaks at low energies, whereas the axion intensity peaks at higher energies where both telescope effective areas are low, and the true limits on axion emission are likely weaker than reported here.
The NuSTAR telescope would currently provide the most sensitive search for ultra-hard X-ray emission ( 10 keV) from the M7. To date, NuSTAR has not observed any of the M7. In Tab. S1 we show the projected sensitivity at 95% confidence for a 400 ks NuSTAR observation of RX J1856.6-3754 in two energy bands, along with the predicted intensities in each model. t exp = 400 ks is a comparable total exposure time to the XMM and Chandra exposure times for the M7 [62] , and would both confirm the emission below 10 keV and rule out or confirm the predicted axion-induced emission above 10 keV. Our fiducial model with PBF can be ruled out or confirmed with less than 1 ks of observation time.
IV. SYSTEMATIC TESTS
In this SM section we consider multiple systematic variations to the analysis procedure presented in the main text. We begin by considering the consistency of the axion model between the three different cameras to assess possible systematic effects that only affect individual cameras. In the next subsection we restrict and broaden the energy range relative to our fiducial analysis to analyze the robustness of the signal to changes in the energy range used in the analysis. Next, we analyze separately the NSs that observe an excess and those that do not to more quantitatively address the consistency between the null results and detections. In the following subsection we relax the restriction that g app = g ann in the fit of the axion model to the X-ray data. We then consider how the best-fit axion parameter space and upper limit depend on the superfluidity model. Lastly, we consider alternate models for the NS magnetic field strengths and surface temperatures. S1. The second and third columns show the current limit and future sensitivity on the X-ray intensity, whereas the last two columns list the maximum and minimum intensities predicted among the different superfluid models assuming the best fit of the axion model to the RX J1856.6-3754 joint data. The "maximum" predicted intensity assumes the PBF model that predicts the largest intensity in 10 -60 keV bands. The "minimum" predicted intensity is the nucleon bremsstrahlung contribution discussed in the main text. All intensities are in units of erg/cm 2 /s.
A. Dependence on instrument
In [62] we show that all three cameras (PN, MOS, and Chandra) give consistent spectra for the M7 hard X-ray flux. This is highly non-trivial considering that these instruments respond differently to e.g. pileup and unresolved point sources. Given that the observed fluxes are consistent between the three cameras, we also expect the best-fit axion parameter space regions to be consistent between the different cameras. Indeed, as we show in Fig. S3 , we observe this to be the case. In that figure we show the best-fit axion parameter space as in Fig. 2 but determined using the data from each camera independently, as indicated. Interestingly, we find significant evidence in favor of the axion model from each camera independently. We also show the observed intensities I 2−8 (I 4−8 ), as described in the main text, and the best-fit temperatures.
B. Dependence on the energy range
In the main text we used three energy bins from 2 -4, 4 -6, and 6 -8 keV for RX J1856.6-3754 and RX J0420.0-5022, while for the other 5 NSs we only used the last two energy bins. We find that removing the 2 -4 keV energy bin for RX J1856.6-3754 and RX J0420.0-5022 leads to consistent results. Additionally, in [62] data is also presented for the 8 -10 keV energy bin. For both XMM-Newton and Chandra this energy bin suffers from increased statistical and systematic uncertainties, as it is at the edge of the energy range of the cameras, so it is not included in the fiducial analysis. Still, it is reassuring to see that including this energy bin does not substantially influence the global fit, which is mostly due to the fact that the uncertainties in that bin are quite large. To emphasize these points in Fig. S4 we show the best-fit axion parameter space and upper limit for variations to the energy bin choices. In the left panel we use our fiducial energy bin choice but add in the 8 -10 keV bin for all NSs. The middle panel is as in the left but with the 2 -4 keV bin removed for RX J1856.6-3754 and RX J0420.0-5022. Lastly, the right panel is as in the middle but without the 8 -10 keV bin. 
C. Influence of different neutron stars
The evidence in favor of the axion model is driven the most by the high-significance excesses in the two NSs RX J1856.6-3754 and RX J0420.0-5022. In Fig. S5 we perform a combined fit to the RX J1856.6-3754 and RX J0420.0-5022 data and then a separate combined fit to the data from the other five NSs. In the second fit we find ∼1σ evidence for the axion model. The best-fit region in the right panel is lower than in the left; however, the best-fit regions are marginally consistent. It is also important to remember that our accounting of uncertainties is not complete, as for example we have not accounted for uncertainties in the NS EOS or superfluidity model in this comparison. Additionally, the temperature, magnetic field, and distance measurements of some of these NSs may include systematic uncertainties beyond those that we consider. As such, we do not believe that there is tension within the context of the axion model between the high-significance excesses in RX J1856.6-3754 and RX J0420.0-5022 and the observations in the other NSs. We also note that the best-fit region is somewhat broader in the left panel of Fig. S5 than it is in Fig. 2 . The width of this best-fit region in axion coupling space is determined by the priors on the NS parameters, such as distance, magnetic field, and temperature. The contribution to this width from the statistical uncertainties on the X-ray measurements is small in comparison. When we include all seven of the M7, as in Fig. 2 , it is thus not surprising that the best-fit region shrinks, since we are less subject in that case to the uncorrelated prior distributions from the individual NSs.
D. Dependence on the nucleon couplings
In the main text we took, for definiteness, g app = g ann in all figures. In this section we relax that assumption under the condition of vanishing axion mass (m a 10 −5 eV). In Fig. S6 we show the best-fit axion model space in the g aγγ g ann -g aγγ g app plane. Importantly, note that comparable neutron and proton axion couplings lead to comparable X-ray fluxes. 
E. Dependence on superfluidity model
The predicted X-ray flux depends sensitively on the assumed nucleon superfluidity model, since nucleon superfluidity suppresses the axion flux for temperatures below the critical temperature. In our fiducial superfluidity model, which we refer to as model I [71] , we consider pure neutron pairing. In this subsection, we consider two alternate models. Again, we do not consider the highly model-dependent PBF processes that we have explored in the previous section. In our alternative superfluidity model II [104] , we take into account that in a NS the neutrons are in β-equilibrium with the protons. This reduces the neutron effective mass and therefore reduces the range of densities in which the superfluid is allowed to form as well as the critical temperature at fixed Fermi momenta. Then the nucleon bremsstrahlung process is less suppressed, strengthening the limits as seen in Fig. S7 . These models do neglect contributions from spin-orbit interactions, which have not yet been worked out but may prohibit superfluidity altogether [107] . For this reason, we also show the limits in the case of no superfluidity.
Note that the critical temperatures in model II tend to be smaller than those in model I, and as a result the flux we obtain using model II receives a smaller superfluid suppression. As seen in Fig. S7 , the superfluidity models make a significant impact on the best-fit axion parameter space. Without nucleon superfluidity, and in the alternate model (model II), the best-fit axion couplings are significantly smaller since the axion production rates are less suppressed.
We note that since the critical temperatures depend on the Fermi momenta, which are determined by the EOS, uncertainties in the EOS also likely play a significant role in determining the uncertainties on the axion flux. These uncertainties should be more thoroughly investigated in future work.
F. Alternate magnetic field strength and core temperature models
In the main text we determined the core temperatures by extracting surface temperatures from a single blackbody fit to the 0.5 -1 keV data (see [62] ) and converting these temperatures to core temperatures as described in Sec. I. Here we investigate how the results change when we use the core-temperature estimates based solely on the kinematic ages of the NSs. The core temperatures are inferred through the kinematic ages through the relation given in the main text. Note that we assign a 50% systematic uncertainty, translated appropriately to log space, on that relation to account for the precision quoted in [77] . We combine that systematic uncertainty with the uncertainties on the kinematic ages to produce the uncertainties quoted in Tab. S2. We only include NSs in this analysis for which kinematic ages are known.
In the main text we adopted the magnetic field values determined by the spin-down rate of the NSs, except in the case of RX J1605.3+3249 which has no measured value. These determinations give very precise measurements of the dipole component of the field, but the true field may be, e.g., non-axisymmetric such that the spin-down measurements underestimate the magnetic field at the surface [114] . In this section we reanalyze the data assuming the magnetic fields determined by spectral fitting of the NSs while keeping the dipole assumption. These fields are inferred from proton cyclotron resonance absorption lines or NS atmosphere models. The fields are typically larger than the spin-down fields, although they are also significantly more uncertain, especially considering systematics such as the NS atmosphere composition. These alternate values are listed in Tab. S2. In Fig. S8 we repeat our fiducial analysis (left) using the alternate core temperatures and (right) using the alternate magnetic fields. The alternate magnetic fields have a relatively minimal impact on the best-fit parameter space. The alternate temperature model, on the other hand, has a more significant impact. In this case the best-fit parameter space is at slightly higher axion couplings, due to the slightly lower core temperatures. As seen in Fig. S8 , the alternate core temperature model also provides slightly improved consistency between the I 2−8 intensity observed from RX J1856.6-3754 and the I 4−8 intensities observed from the other three NSs considered, though we stress that this is a relatively minor difference. FIG. S8. As in Fig. 2, Fig. 3 , and Fig. 4 but (left) for the alternate core temperature values given in Tab. S2 and (right) for the alternate magnetic field values shown in Tab. S2.
